For every hyperoval O of PG (2 , q ) ( q even) , we construct an extended generalized quadrangle with point-residues isomorphic to the generalized quadrangle T * 2 ( O ) of order ( q Ϫ 1 , q ϩ 1) . These extended generalized quadrangles are flag-transitive only when q ϭ 2 or 4 . When q ϭ 2 we obtain a thin-lined polar space with four planes on every line . When q ϭ 4 we obtain one of the geometries discovered by Yoshiara [28] . That geometry is produced in [28] as a quotient of another one , which is simply connected , constructed in [28] by amalgamation of parabolics . In this paper we also give a 'topological' construction of that simply connected geometry . The orders s and t are assumed to be finite . Given a finite generalized quadrangle Q and an extended generalized quadrangle ⌫ , if all point-residues of ⌫ are isomorphic to Q then we say that ⌫ is an extension of Q .
PG (2 , q ) external to O and on the choice of another hyperoval O * of PG (2 , q ) and of a point u ϱ of it (see Section 2) . On the other hand , we will see that ⌫ 2 and ⌫ 4 are unique .
The automorphism group of ⌫ q is also investigated in Section 2 . It turns out that ⌫ q is flag-transitive if f q ϭ 2 or 4 . In fact , ⌫ 2 is the thin-lined polar space with four planes on every line , whereas ⌫ 4 is a quotient of an extended generalized quadrangle discovered by Yoshiara [28] . A 'topological' construction of the latter , inspired by Cameron [3] , is given in Section 3 (Corollary 19) . In fact , we do more than this : assuming to have chosen a classical hyperoval and a conic for O and O * ‫گ‬ ͕ u ϱ ͖ respectively , we prove that ⌫ q admits a q / 2-fold cover .
Some problems are suggested in Section 4 .
. . A sur ey of the known examples .
The examples of extended generalized quadrangles presently known are of the following types . 1 . 1 . 1 . E XTENSIONS OF D UAL G RIDS . Extensions of dual grids are precisely thin-lined C 3 geometries ; in particular , thin-lined polar spaces of rank 3 (when ( LL ) holds in them) . A description of these geometries can be found in [25] (see also [20] ) . 1 . 1 . 2 . E XTENDED G RIDS . There are many families of extensions of grids ( extended grids , for short) . The reader is referred to [15] for a census of flag-transitive extended grids known at 1992 . However , that list is not complete : one new family has recently been discovered by Shult [26] . Perhaps , more flag-transitive examples can also be obtained by the gluing construction of [16] .
Many families of non-flag-transitive extended grids also exist . (Some of them are described in [1] , [4] , [6] , [3] and [17] . ) 1 . 1 . 3 . E XTENSIONS OF C LASSICAL T HICK G ENERALIZED Q UADRANGLES . Not so many extensions exist of classical thick generalized quadrangles , but perhaps they are the most interesting . There are precisely 13 flag-transitive examples of this kind , with point-residues and automorphism groups as follows [10] :
Example Point-residue Automorphism group
(1) (2) (quotient of (1)) (3) (4) (5) (6) (7) (quotient of (6)) (8) (9) (10) (11) (quotient of (10)) (12) (13) 2 ) has also been disovered by Pasechnik [17] . The ( LL ) property holds in it .
1 . 1 . 4 . S OME E XTENSIONS OF AS ( q ) . J . Thas [27] has constructed an extension of the Arens -Szekered generalized quadrangle AS ( q ) for every odd prime power q . Let us call that extension -q .
The generalized quadrangle AS ( q ) is flag-transitive only when q ϭ 3 (see [13] ) . Thus , its extension -q is flag-transitive only if q ϭ 3 . When q ϭ 3 , -q is Example (7) of Section 1 . 1 . 3 , which is flag-transitive .
Cameron [3] has shown that -q admits an m -fold cover for any divisor m of ( q ϩ 1) / 2 . Quite recently , Kasikova and Shult [13] have constructed an extension of AS ( q ) larger than -q . The extension that they have found seems to be a ( q ϩ 1) / 2-fold cover of -q . (Perhaps it coincides with the ( q ϩ 1) / 2-fold cover of -q described in [3] . ) [22] (see also [5] ) , with O a classical hyperoval of PG (2 , q ) , q any power of 2 . That extension is flat ; namely , all of its points are incident with all its planes (whence ( LL ) fails to hold in it) .
It is well known that T 2 *( O ) q is flag-transitive only when q ϭ 2 , 4 or 16 , with O the Lunelli -Sce hyperoval when q ϭ 16 (see also Section 1 . 2 . 1) . Thus , the geometries of [22] are not flag-transitive , except possibly when q ϭ 2 or 4 . When q ϭ 2 the construction of [22] gives us a flat thin-lined C 3 geometry which is in fact a flag-transitive quotient of a thin-lined polar space of rank 3 . It is not at all clear how things go when q ϭ 4 : the automorphisms recognizable from the construction of [22] are definitely not suf ficient to give flag-transitivity even if q ϭ 4 , but it might be that more automorphisms exist which cannot be seen from that construction .
We do not know if the examples of [22] can be obtained as quotients of the extensions that we will construct in this paper . ( 4 has been discovered by Yoshiara [28] as a coset geometry in a group constructed by amalgamation of a certain triple of subgroups . We denote this geometry by ⌼ 1 . We have Aut (
has order 2 and ⌼ 1 can be factorized by A . We will denote the quotient
. Two flag-transitive simply connected extensions of the dual of T * 2 ( O ) 4 are also constructed in [28] . Let us denote them by ⌼ 2 and ⌼ 3 . Their automorphism groups are 2 12 и 3 S 7 and 2 6 ϩ 6 и L 3 (2) respectively . Yoshiara has obtained both ⌼ 2 and ⌼ 3 by amalgamation of feasible triples of parabolics , but a geometric construction is also of fered in [28] for one of them , namely for ⌼ 2 .
The following is also proved in [28] . Let ⌫ be a simply connected flag-transitive extension of T * 2 ( O ) 4 (or of its dual) , satisfying ( LL ) and such that the stabilizer in Aut ( ⌫ ) of a point contains a normal subgroup acting regularly on the set of lines incident with that point . Then ⌫ Ӎ ⌼ 1 (respectively , ⌫ Ӎ ⌼ 2 or ⌼ 3 ) .
. 2 . Appendix .
In the following two paragraphs we give some information on Aut ( T * 2 ( O ) q ) and on hyperovals of PG (2 , 4) , to be used in Section 2 . The hyperovals of PG (2 , 2) are the complements of the lines of PG (2 , 2) . Thus ,
Let q ϭ 4 . All hyperovals of PG (2 , 4) are classical (that is , they consist of a conic plus its nucleus) . Let O be one of them . Then G O ϭ S 6 , acting faithfully on the six
Let q ϭ 16 and let O be the Lunelli -Sce hyperoval . We have G 0 ϭ 2 ϫ 3 2 и 8 and the Sylow 3-subgroup of G O has two orbits of size 9 on O (see [14] ; also [23] 
Let l be one of those six lines . The 
. T HE N EW E XAMPLES

. 1 . Notation . Given a plane
Without loss , we can assume that u ϱ and l ϱ are represented by the following systems of equations :
We denote by St ( l ϱ ) the star of l ϱ ; namely , the projective plane formed by the planes and the 3-spaces on l ϱ . Let u 0 , u 1 , . . . , u q be a family of planes on l ϱ such that the It is easy to see that the stabilizer PGL (5 , q ) l ϱ ,u ϱ of l ϱ and u ϱ in PGL (5 , q ) has the following structure :
where T is the elementwise stabilizer of u ϱ and St ( l 
A B
Hence T is elementary abelian of order q 4 and acts transitively on the q 2 points of u ‫گ‬ l ϱ , for any plane u on l ϱ dif ferent from u ϱ . The extensions T и A and T и A * split . The non-singular matrices of the following form ,
represent the elements of A . The elements of A * can be represented by matrices as follows :
A B
Note that A and A * commute modulo T , but they do not commute as subgroups of
We have
for suitable subgroups F O and F O * of Aut ( GF ( q )) (these subgroups need not be the 
. . The construction
Lᮀ L EMMA 2 . Gi en u S 2 , let a ϭ u ʝ u ϱ . Then ( u ʝ S 0 ) ʜ ͕ a ͖ is
. 3 . The group Aut ( ⌫ q )
. Given an element x of ⌫ q , we denote by G x its stabilizer in G ϭ Aut ( ⌫ q ) and by K x the kernel of the action of G x on the residue of x . We set
Given a point a of ⌫ q , we denote by ( l ( St ( a ) ) . We need to prove that G a also stabilizes 
The hypothesis q Ͼ 2 is essential in the previous proposition . Indeed , Aut ( ⌫ 2 ) ϭ
Note that the statement of Lemma 8 also fails to hold when q ϭ 2 .
From now on , we focus on the case of q ϭ 4 .
P ROOF . The first claim follows from (3) and well known properties of stabilizers in PGL (3 , 4) of hyperovals of PG (2 , 4) (see Section 1 . 2 
. 2) . Let us prove that
By Proposition 5 , we can assume that O ϭ C ʜ ͕ (0 , 0 , 1 , 0 , 0) ͖ , where C is the conic of u ϱ represented by the equation
ϱ is represented by the system of equations x 3 ϭ x 4 ϭ x 5 ϭ 0 , given a plane u on l ϱ , the co-ordinates of any two points of u ‫گ‬ l ϱ coincide at the last three entries (modulo a factor) . Thus , we can take ( [28] , ⌫ 4 is a quotient of the geometry ⌼ 1 mentioned in Section 1 . 1 . 6 , which is simply connected . On the other hand , Aut ( ⌼ 1 ) ϭ 
A B
Let T 0 be a regular subgroup of T . It is easy to see that T 0 acts semi-regularly on the set of lines and on the set of planes of ⌫ q . Hence it defines a quotient of ⌫ q . As T 0 acts regularly on the q 2 points of u ‫گ‬ l ϱ for every plane u O * ‫گ‬ ͕ u ϱ ͖ , the quotient ⌫ q / T 0 has q ϩ 1 points . Hence it is flat (all points of ⌫ q / T 0 are incident with all planes) .
Clearly , every non-trivial subgroup X of T 0 also defines a proper quotient of ⌫ q . As ⌫ q has diameter 2 , the property ( LL ) fails to hold in ⌫ q / X . R EMARK . Let T 0 be the regular subgroup of T consisting of the elements represented by the above matrices . It is straightforward to prove that the normalizer of
. 5 . Re isiting our construction .
The extended generalized quadrangle ⌫ q is a subgeometry of a certain rank 3 geometry considered in [9] , which we shall denote by ⌬ q here . The geometry ⌬ q is defined as follows . Its points are the points of PG (4 , q ) outside u ϱ , its lines are the lines of PG (4 , q ) skew with u ϱ and its planes are the planes u of PG (4 , q ) such that u ʝ u ϱ is a point of O . The following is a diagram for ⌬ q :
Note also that ⌬ q is a subgeometry of the af fine grassmannian [7] obtained from PG (4 , q ) by removing u ϱ , its points and its lines , the lines of PG (4 , q ) meeting u ϱ in a point , the planes meeting u ϱ in a line and the 3-spaces containing u ϱ . The set S 0 is a hypero al of ⌬ q (in the meaning of [17] ane [18] ) . The extended generalized quadrangle ⌫ q is the 'intersection' of ⌬ q with S 0 . Namely , its elements are the points of S 0 and the lines and the planes of ⌬ q incident with some points of S 0 . Thus , our construction of ⌫ q is analogous to the construction used in [17] to produce extensions of the generalized quadrangles Q Af * и C 2 geometries are also defined in [22] . The flat extended generalized quadrangles defined in [22] are subgeometries of those flat Af * и C 2 geometries .
. A T OPOLOGICAL C ONSTRUCTION OF ⌼ 1
In this section , assuming ⌫ q regular , we construct a q / 2-fold cover ⌫ ˜ q of ⌫ q . As a by-product , we obtain a description of the universal cover ⌼ 1 of ⌫ 4 (compare with Corollary 15) . Indeed , ⌫ ˜ 4 ϭ ⌼ 1 . Note that ⌫ ˜ 2 ϭ ⌫ 2 . In fact ⌫ 2 , being a polar space , is simply connected .
. 1 . Preliminaries . Algebraic covers of graphs and of certain rank geometries have
been introduced by Cameron [3] . We shall recall the basic ideas of that theory here .
Let A be an elementary abelian 2-group . (The theory of [3] is developed for any abelian group , but elementary abelian 2-groups are enough for our purposes . ) Given a connected graph Ᏻ , let ( Ᏻ ) be the simplicial complex of vertices , edges and cliques of Ᏻ . A simplex of ( Ᏻ ) containing d ϩ 1 vertices is called a d -simplex . For d ϭ  0 , 1 , 2 , . . . , a d - with X denoting a class of (connected) partial planes (for instance , X might be the class of generalized quadrangles) . Assume , furthermore , that ( LL ) holds in ⌫ . This implies that the Intersection Property also holds in ⌫ [21 , Lemma 7 . 25] . In particular , distinct planes are incident with distinct sets of points . Thus , the planes of ⌫ can be viewed as distinguished sets of points .
Let Ᏻ be the collinearity graph of ⌫ ; namely , the graph with the points and the lines of ⌫ as vertices and edges . Assume that
Denote by S 0 the set of points of ⌫ , let S ˜ 0 ϭ S 0 ϫ A . Given a 2-cocycle ␥ 2 over A , let 
Assume that ␥ 2 satisfies the two following properties :
We have ␥ 2 ( ͕ a , b , c ͖ ) ϭ 0 for any triple of points a , b , c of ⌫ contained in the same plane .
(6a)
There is at least one point a of ⌫ such that , for every x A , we have
Then Ᏻ ˜ is connected and the natural projection π : S ˜ 0 5 S 0 (which maps ( a , x ) onto a ) is an ͉ A ͉ -fold covering from Ᏻ ˜ to Ᏻ (see [3 , § 3] ) . Furthermore , for every plane X of ⌫ , the graph induced by Ᏻ ˜ on π Ϫ 1 ( X ) is a family of mutually disjoint complete graphs [3 , § 3] . We denote by S ˜ 2 the family of the complete graphs obtained in this way . That is , S ˜ 2 is the family of the connected components of the preimages of the planes of ⌫ via π . Let S ˜ 1 be the set of edges of ␥ ˜ and ⌫ ˜ ϭ ( S ˜ 0 , S ˜ 1 , S ˜ 2 ) , equipped with the natural incidence relation (symmetrized inclusion) . The following is proved in [3] (Proposition 3 . 1 L EMMA 17 . The 2-cochain ␥ 2 is a 2-cocycle .
. Given a 4-clique X ϭ ͕ a , b , c , d ͖ of Ᏻ , we call faces of X the 3-subsets of X and we set X x ϭ X ‫گ‬ ͕ x ͖ for x ϭ a , b , c , d . Thus ,
We need to prove that
We can assume that O * ‫گ‬ ͕ u 
